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Abstract 

We present a general class of exact solutions in Einstein-Maxwell-dilaton grav- 
ity describing configurations of black holes and Kaluza-Klein bubbles magnetized 
Q | along the compact dimension. Smarr-like relations for the mass and the tension 

, ' are found. We also derive the mass and tension first law for the configurations 

under consideration using the Noether current approach. The solutions we con- 
sider are explicit examples showing that in Kaluza-Klein spacetimes the interval 

■ (rod) structure and the charges (which are zero by construction for the solutions 
here), are insufficient to classify the solutions and additional data is necessary, 
namely the magnetic flux(es). 



CO 

o\ '. 1 Introduction 

p 

In recent years the higher dimensional gravity and especially black holes in higher 
dimensions have attracted a lot of interest. During the last decade many exact black 
solutions were found and investigated from different perspectives 111. Most of the known 
exact solutions are for asymptotically flat spacetimes. We could say that we have rather 
complete understanding of the asymptotically flat black holes in 5D reflected in the 
uniqueness theorems Very recent numerical results jl] show that some of the 

properties of the asymptotically flat 5D black holes might hold also in spacetimes with 
D > 5. 

While asymptotically flat spacetimes with D > 4 are an excellent theoretical lab- 
oratory giving valuable intuition, higher dimensional spacetimes with compact extra 
dimensions (Kaluza-Klein spacetimedil) are more realistic. That is why it is physi- 
cally important to study black holes in spacetimes with compact dimensions. Very 
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recently the uniqueness theorem for vacuum Kaluza-Klein black holes was established 
in [5]. This theorem gives complete classification of the possible horizon topologies and 
classification of the black solutions on the basis of the so-called interval (rod) struc- 
ture. Some exact Kaluza-Klein black hole solutions have also been constructed [6]-|llj. 
Among them are the solutions describing sequences of static vacuum black holes and 
bubbles [Z]-|H] which are of particular interest in the context of the present paper. We 
also refer the reader to the review article [12] where the Kaluza-Klein black holes are 
considered from different perspectives. Nevertheless, the known exact Kaluza-Klein 
black hole solutions are far from being exhaustive. In the present paper we present a 
general class of exact Kaluza-Klein solutions of 5D Einstein-Maxwell-dilaton equations 
describing configurations of black holes and Kaluza-Klein bubbles magnetized along 
the compact dimension. The basic physical quantities of these solutions are calculated. 
We also derive Smarr-like relations as well as the first law for the mass and the tension. 
Let us stress that we use "black holes" to denote any black objects independently of 
their horizon topologies. 

The solutions of the present paper are also important as explicit examples show- 
ing some subtleties which should be taken into account in the generalization of the 
uniqueness theorem of [5] to the case with Maxwell fields. 

2 Exact solutions 

In five dimensions the Einstein-Maxwell-dilaton gravity is described by the field equa- 
tions 

= Id^dvip + 2e" 2 ^ (F^FJ - ^F Xa F x ^ , 
V M (e~ 2 ^F^) = 0, V [CT F H = 0, (1) 

V M V<V = ~e- 2a *F aX F°\ 

where R^ is the Ricci tensor for the spacetime metric g^, F^ is the Maxwell tensor, 
ip is the dilaton field and a is the dilaton coupling parameter. For a = (and (p = 0) 
we obtain the 5D Einstein-Maxwell equations. 

We will consider Kaluza-Klein spacetimes with the symmetry group R x U(l) 2 
generated by the commuting Killing fields £, ( and i]. Here £ is the asymptotically 
timelike Killing field and ( and rj are the axial Killing fields, respectively. The Killing 
field 7] will be associated with the fifth dimension. We also assume that all the Killing 
fields are mutually and hypersurface orthogonal. In this case, using adapted coordinates 
in which £ = d/dt, ( = 8/ dip and rj = d/d<f) and canonical coordinate for the transverse 
space the spacetime metric can be presented in the form 

ds 2 = g tt dt 2 + g pp {dp 2 + dz 2 ) + g^dtp 2 + g^dcf) 2 (2) 
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where all the metric functions depend on the canonical coordinates p and z only. We 
consider the case when the electromagnetic and the dilaton fields respect the spacetime 
symmetries, i.e. we want the electromagnetic gauge potential and the dilaton to have 
vanishing Lie derivatives along the Killing fields. In particular for the electromagnetic 
field, we impose the following (local) ansatz 

A = A^p, z)dcj) (3) 

which is consistent with the spacetime symmetries. 

After dimensional reduction along the Killing field r\ we obtain an effective 4D 
theory whose "matter sector" (consisting of A$ and the norm of if) possesses group of 
hidden symmetries GL(2,R) [15] . Using the subgroup 5*0(2) C GL(2,R) preserving 
the asymptotics we can generate exact solutions of the EMd-equations from exact 
solutions of the 5D vacuum Einstein equation. For a given vacuum solution 

ds 2 E = gf t dt 2 + g E pp {dp 2 + dz 2 ) + <4# 2 + g^dcj> 2 (4) 
the SO (2) transformation yields the following EMd-solution 



ds 2 = A 



^ r E i,2 , E/i2 , i 2\ , E „/.2~ 



gftdt 2 + g%(d P 2 + dz 2 ) + g^V 



1 „E 7/2 



e 7^ = A T +^, (5) 

a _ e a^ V|tan£^ 
2 Jl + a§ A 



A = cos 2 tf + ^sin 2 tf, (6) 



where 



A® and ifoo are constants and the S0{2) - parameter $ satisfies — n/2 < 'd < n/2. The 

parameter a§ is definecH by a$ = ^a. 

Since the function A is positive everywhere the rod structure of the magnetized 
solution ([5]) is inherited from the seed solution (jl]). We consider seed solutions with 
rod structure consisting of finite rods describing horizons and bubbles and two semi- 
infinite rods describing the axes of ( = 8/ 'dip. The Kaluza-Klein asymptotic condition 
and regularity conditions on the axes of the Killing vectors required 



(A^ = 2vr, (A0f = L £ , (7) 
2 In /^-dimensional spacetime we have an = \J 2(^-3 ) 01 ■ 

3 From now on the subscript or superscript "E" denotes quantities associated with the seed vacuum 
Einstein solutions. 
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to be satisfied for the seed solution. Then the regularity conditions for the magnetized 
solution are the following 



Aijj = (A^) E = 2vr, A0 = L = (cos §f^ 1+a ^ L E . (8) 

Let us consider completely regular vacuum solution (j3J) describing a configuration 
containing at least one bubble. Then the constant can not be arbitrary if we require 
the vector potential A to be regular everywhere. Indeed on the bubble g E ^ = and 
nonzero A ^ means that the vector potential is divergent on the bubble. In order for 
the vector potential to be globally well-defined we must impose A^ = 0. This in turn 
means that the asymptotic value of the vector potential is nonzero 

^—4^1. (9) 
A + a\ 



Let us further consider the asymptotic behaviour of the solution. For this purpose 
we introduce the asymptotic coordinates r and 6 defined as 

p = rsin8, z = rcos6. (10) 
After some algebra for the asymptotics we find 

tt «_l + £*, + ^^-^ A ^A% + ^ (11) 

ty ty 7™ 7" 

where 



E sin 2 $ E E 2 sin 2 $ E 

Ct = c t~ TT^f*' C(t> = c<p ~ IT^T" 

V3a 5 sin 2 ^ E _ vtacosi? E 

u — on _l „2\ <$>■> c a — a / = c <j> ■ [ - LZ ) 

2 ( 1 + «5) v 2 A /l + a? 



The quantity T> is the dilaton (scalar) charge. An interpretation of the quantity ca 
will be given below. 

From the asymptotic behaviour we can compute the mass and the tension 



M = l -L(2c, - <*) = \L(2 C f - 4) = j-M E , (13) 

T = i(* - 2c,) = i[(cf - 2 4) + 3^*cJ ] = T° + 2iigcf (14) 

= ^ + g*(*„.\ (15) 
1 + a% \ L E J 

where M E and T E are the mass and the tension for the seed vacuum solution. 
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3 Smarr-like relations for the mass and tension 



The mass and the tension can be also computed via the generalized Kommar integrals 
first introduced in [13]. These integrals are very useful in deriving Smarr-like relations. 
Here we present the generalized Kommar integrals in a form different but equivalent 
to the original formulation in [14] , namely 



M 



J s2 [2 * (v A d£) - *(£ A d V )\ = - A [2i„ * d£ - i€ * *?] , (16) 



T=--^-[ [*(77AdO-2*(£A^)] = --i- / [i„*d£-2z { *d»7], (17) 

where * is the Hodge dual and ix is the interior product of the vector field X with an 
arbitrary form. 

The generalized Kommar integrals allow us to define the intrinsic mass of each 
object in the configuration [11]. The intrinsic mass of each black hole is given by 

= -— jf [2i v ^dC-it* drj] (18) 

where TCi is the 2-dimensional surface which is an intersection of the i-th horizon with 
a constant t and hypersurface. Analogously the intrinsic mass of each bubble is 



Mf = -— , 
J 16n Jb 



( [2i„*dt-ie*drj\. (19) 

J&4 



One can show that the intrinsic masses of the black holes and bubbles are given by 

M?= 1 -Ll?, Mf = \ L ll (20) 

where 1™ and I® are the lengths of the horizon and bubble rods, respectively. It was 
also shown in ITT] that 



M? = ^Ani, Mf=±-K Bj A B ., (21) 

where and An, are the surface gravity and the area of the i-th horizon and the 
surface gravity and area of j-th bubble. The surface gravity and the area for a bubble 
were first introduced in [15]. The bubble surface gravity is defined by 

4 = jV^VV (22) 
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where the right hand side is evaluated on the bubble. The reader might consult [15] 
for other equivalent definitions. The bubble area is given by 



A B = / Jlgttlgppg^dzdip. (23) 

JB v 

For regular (smooth ) bubbles (i.e. bubbles without conical singularities), the case 
we consider here, one can show that 



The bubble area for our solution can be easily calculated and the result is 

A* = A%±-. (25) 

L>E 

Concerning the area and the surface gravity of the horizons we find 

K Hi = K^, An, = Aft y~. (26) 

J^E 

Let us note that although the S'0(2)-transformations preserve the determinant of 
the horizon metric, the horizon area is different from that of the seed solution since the 
period of </> for our solution is different from the period of the seed solution. 

We proceed further with deriving Smarr-like relations for the tension and the mass. 
Using the Stokes theorem we find that the tension can be written as a bulk integral 
over a constant t and <p hypersurface E and surface integrals over black hole horizons 
and bubbles 



TL = -—^J^(i v *dZ-2iz*d7i)-—^J B {i v *dt-2iz*d7i) (27) 
L f 

~TT~ / d{i ri -kdi-2i i -kdr]) 

l07T JS 

where we have taken into account that <9E = — Yh Using the definitions 

(fT8j) and (fT9j) . the Killing symmetries and the identity d-kdC, = 2*i?[£] for an arbitrary 
Killing field, we have 

n = \ £ + 2 £ Mf + A jf (i„ * R{$ - 2i € * R[ V }) (28) 

where R[X] is Ricci 1-form with respect to the vector field X. Making advantage of 
the field equations ([T]) we obtain 
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* R[£\ = -2e~ 2aLp (y-^kF A *F + A ^ * f) (29) 
and the same expression for *R[r]], however with £ replaced by rj. Hence we find 

i v * R[£] - 2it * R[rj\ = 2e~ 2aip i ri F Ai^F (30) 

and therefore 

rL = \ £ + 2 £ M f + £ /_ e-^F A i € * F (31) 

Since A is globally well-defined we can write F = (L4. Taking further into account 
that C V A = and d {e~ 2oap i^ * F) = as a consequence of the field equations, we have 

/* e -2Q %F Ai$*F = — [ d (i v Ae- 2aip k * F ) = - I (i„A)e -2a % * F (32) 
+ W (i v A)e- 2a *iz*F + J2 f M)e- 2a %*F. 
Using the invariance under the Killing field £ we have 



/* e~ 2a %F Ai$* F = — [ d (i v Ae- 2a Vi(. * f) = -2tt f (i v A)e~ 2aip i c k * F (33) 

+2nY I (i v A)e- 2aip i c it*F + 2tiY ( (i v A)e~ 2aip i c ui< F. 
^ JHi/Ud) t Jbju(i) 



On the bubbles i] = which shows that the third term on the right hand side 
vanishes. For simplicity we shall consider black holes with bifurcate Killing horizons. 
Therefore the second term also vanishes and we obtain 



TL = I Y MV- + 2 y Mf - ^A™ f elicit * F. (34) 
Using the asymptotic behaviour we find 



i^i^ * F\ s ^ = — ca sin 6d6 (35) 

and therefore 

/ e~ 2aip i c u * F = - e - 2a ^ r c A sin OdO = -2e~ 2a ^ c A . (36) 
JsSo/uw Jo 
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In this way we obtain 



tl = \y. m 1 1 + 2 Y. M f + LA 7 e ~ 2aLpo ° c A- (37) 

* 3 

In order to interpret the last term in the above formula we shall proceed as follows. 
Let us consider the right-most (or the left-most) bubble rod which we denote by [z±, z 2 ]- 
Then we fix a point Zf » z 2 lying on the rod corresponding to the axis of ( and 
consider the path 7 = [z2,Zf]. We lift 7 to a path 7 in the spacetime manifold and 
define C to be the 2-dimensional surface obtained from 7 by acting with the isometries 
generated by r\. Since r}\ Z2 = the 2-surface C has the topology of a disk. In this way 
we can define the magnetic flux through the 2-surface C 

Therefore the quantity 



m = LAT = lim ^ c (39) 

V Zf — >oo 

can be interpreted as the magnetic flux through the infinitely extended 2-surface C . 
Respectively, the integral 

J = -— I e" 2Q % *F = e~ 2a ^c A (40) 
4tt Js^ 

should be interpreted as an effective current sourcing of the magnetic field. The Smarr- 
like relation can then be rewritten in the following form 



TL = -Y J M^ i + 2Y,Mf + .m. (41) 
2 i 3 

Following the same method as for the tension one can show that 



M = Y / M n + V Mf - — / e- 2aip uF A i„ ★ F. (42) 

i Y 47T JT, 

In the case under consideration i^F = and for the ADM mass we find 

m = M ? + J2 M f- ( 43 ) 



8 



4 Mass and tension first law 



Our next goal is to derive the first law for the black hole-bubbles configurations under 
consideration. In our derivation we shall follow the Wald's approach [16] making use 
of the Noether current. 

Our diffeomorphism covariant theory is derived from the Lagrangian 

L = -kR — 2d(p A *d(f) - 2e- 2atp F A *F. (44) 

When the field equations are satisfied the first order variation of the Lagrangian is 
given by 



where 



5L = dB (45) 



6 = * v - 4(*d<p)5(p + 4 (f 2aLp * f) A6A (46) 



and 



v 



^V u 8g^-g a N^g aP . (47) 



The Noether current X x associated with a diffeomorphism generated by an arbitrary 
smooth vector field X is 



T x = e(r,£ x r)-2 X L, (48) 

where the fields g^, A^, ip are collectively denoted by T. The current X x satisfies 
dl x = when the field equations are satisfied. Since X x is closed there exists a 3-form 
M x (Noether charge 3-form) such that X = dM x . 

Now, let T is a solution to the field equations ([1]) and let 5T is a linearized per- 
turbation satisfying the linearized equations of the Einstein-Maxwell-dilaton gravity. 
For simplicity we will also assume that C^5T = C V 5T = 0. Then, choosing X to be a 
Killing field one can show that [16J 

5dJ\f x = di x Q- (49) 

In the case under consideration we need the Noether forms J\f^ and M v . After some 
calculations it can be shown that they are given by 

AT? = - * d£, (50) 
J\f v = -*dr) — Ai v A (e~ 2av * . (51) 
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In fact what we need are the 2- forms i v j\f^ and i^Af 71 . For them one can show that 

5 (di^) = di v i^e, 5 {di^N v ) = -di^Q. (52) 
It turns out useful to combine (|52|) to a single equality 



6 (2di v Aft - di^T>) = Sdi^Q. (53) 
Integrating on E and using the Stokes theorem we obtain 

5 f (2i^ - i^jV 71 ) = 3 j di^e (54) 



/as v ' Jan 



where <9£ = — J2i Hi ~ J2j &j- Taking into account the explicit form of the Noether 



forms we find 

M 
1 
M-, 
~1 
M 



I { 2iJV 5 - ifAf v ) = 16tt— - lQnA^J, (55) 

( feiJV* - uNA = 16vr^, (56) 
J Hi v J L 

f Oli^ - i^) = i6vr^. (57) 



Respectively, for i v i^Q we have 

j i^Q = -An(Sc t - Sc^) + lGnVSipoo - WirJSA^, (58) 
/ v>6 = 2^i«JKH 4 , (59) 

JHi L 

f v € e = 2^<J« Bi , (60) 
where we have taken into account that the dilaton charge can be expressed in the form 

V = — / i n ic-kd(b. (61) 
Substituting these results in (1541) and using the relation (1431) we obtain 

1(6* - S C(f> ) = 3V6 Voo - 2J6A™ + A™6J - i- £ - 1- £ ^&c flj . (62) 

The next step is to take into account that 3/4(<5c t — Sc^) = 5(M/L) + 5T and to 
express ST from the Smarr-like relation fT4Tl) which gives 
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I? (63) 



'(t) = T^^T^^t) + ^M,^, (64, 

3 

Combining the above equalities we obtain 

* (f ) =E|^ (^) - ^E>M"* - ^ + ^oc (65) 
which in view of the relations fl39l) and gives 

m = E T^^w* " F" E ^b/(«b^) - J5V + LV5 Voo + (66) 
an sir ~^ 

» 3 

This is the desired form of the mass first law. Once having the mass first law, the 
tension first law can be easily found and the result is 

ST = -L kbMbi - T- E ^r-SKHi + T 5J + V6( P°°- ( 67 ) 

87T ^ o7T ~~ L L 

3 3 

Let us note that in the limit of vanishing magnetic field our formulas for the mass 
and the tension first law are reduced to the mass and tension first law for vacuum 
black hole-bubble configurations derived by other means in [15]. We also note that 
for regular bubbles the second term on the right hand side of fl66l) does not give any 
contribution since kq.L = 2ir. 

So far our considerations were general without specifying the explicit configuration 
of black holes and Kaluza-Klein bubbles. It is easy specific example to be constructed. 
As for example, one may take the exact solution describing a sequence of black rings 
and Kaluza-Klein bubbles [8] which substituted in the general formulae © will produce 
a magnetized configuration of sequenced black rings and bubbles. Here, as an explicit 
example, we will present the simplest magnetized configuration consisting of a single 
bubble which in the standard spherical coordinates (flOl) is given by 



\LJ 2vr ^ L 1 8n^ ' \ L 

-J- E KBMBs - 3J6A T + 3 ^°o- 
3 

Now using the Smarr-like relation (H3l) we also find 
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+ 1 



1 - 



L E sin i?\ !+«: 
47rr / 



-dt 2 H + r 2 dttl 



4-7rr 



sin $\ i+^l 



47rr 



1 - 



— 1 # 2 , 
47rr / 



e 



L £ sin $\ !+■ 
47rr / 



y^tanl r-^f 

Le sin 2 i? ' 

4-7T 



2\/l + ajr 



(68) 

(69) 
(70) 



5 Conclusion 

In this work we presented a general class of exact solutions to the 5D equations 
of Einstein-Maxwell-dilaton gravity describing configurations with black holes and 
Kaluza-Klein bubbles magnetized along the compact dimension. We also derived the 
Smarr-like relations and mass and tension first law for such configurations. These re- 
sults can be straightforwardly generalized to Kaluza-Klein spacetimes with number of 
dimensions D > 5. 

The solutions obtained here are not completely characterized by the interval (rod) 
structure. Since the electric and magnetic charges are zero by construction they can 
not be employed to classify the solutions. Without rigorous proof, which will be given 
elsewhere, but as it is clear, we note that the solutions can be classified by the rod 
structure and magnetic flux In this way, in the generalization of the uniqueness 
theorem of [5] to the case with Maxwell fields a new data should be included in addition 
to the rod structure, angular momenta and charges - the magnetic fluxes. 

We shall finish with some prospects for future work. It will be interesting to con- 
sider configurations with (magnetically charged) Kaluza-Klein bubbles and magnet- 
ically charged (dipole) black rings or black strings. We expect that the interaction 
between the magnetic field and the charges yields new regular balanced solutions with 
new interesting properties. Some results in these directions have already been obtained 
[IT] and they will be published elsewhere. 
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